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Partition of topological spaces
We present results about the Cantor–Bendixson index of some
subspaces of a uniform family F of ﬁnite subsets of natural
numbers with respect to the lexicographic order topology. As
a corollary of our results we get that for any ω-uniform family
F the restriction F  M is homeomorphic to F iff M contains
intervals of arbitrary length of consecutive integers. We show
the connection of these results with a topological partition problem
of uniform families.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
A partition problem for topological spaces is as follows: Given spaces X and Y and a partition of
X into two pieces, is there a topological copy of Y inside one of the pieces? When the answer is
positive, it is denoted by X → (Y )12 (see [4,8] for more information about this type of problems). We
will be interested in the case X = Y . A result of Baumgartner [2] solves this partition problem when
X is a countable ordinal space α. Namely, he showed that for a countable ordinal α, α → (α)12 iff α
is of the form ωω
β
.
Any countable ordinal is the order type of a uniform family F of ﬁnite subsets of natural numbers
lexicographically ordered. A typical uniform family of order type ωk is the collection of k-elements
subsets of N. Thus a partition of a countable ordinal space can be regarded as a partition of a uni-
form family endowed with the lexicographic order topology (the relevant deﬁnitions are given on
Section 2).
Families of ﬁnite sets has been the focus of Ramsey theory for a long time [7]. A well-known result
of Nash–Williams says that for any uniform family F on N and any subset B of F there is an inﬁnite
set A ⊆ N such that either F  A ⊆ B or F  A ∩ B = ∅ (see [7]) where F  A is the collection of
elements of F that are subsets of A. This theorem solves the topological partition problem for F , if
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soon realized that F  A could be a discrete subspace of F and hence Baumgartner’s theorem is not
a corollary of the Nash–Williams’s theorem. In fact, given a uniform family F , there is B ⊂F such
that F  A is a discrete subset of F for every set A homogeneous for the partition given by B (i.e. for
any A satisfying the conclusion of Nash–Williams’s theorem applied to F and B) (see Example 3.13).
Nevertheless, it is natural to wonder about the topological type of F  A. The objective of this paper
is to present an analysis of the Cantor–Bendixson index of F  A as a subspace of a uniform fam-
ily F . Notice that F  A has the same order type of F , but the topological type varies considerably
depending on the set A. Hence the diﬃculty lies on the fact that we are using on F  A the subspace
topology.
To give an example of the results presented in this paper, we recall a typical ω-uniform family, the
so-called Schreier barrier:
S = {t ∈N[<∞]: |t| =min(t) + 1}.
It is known that S is homeomorphic to ωω . We will show that S  M contains a topological copy of
S iff M contains arbitrarily long intervals of consecutive natural number. In fact, this result holds for
any ω-uniform family (see Corollary 5.3).
We show a partial generalization of the previous result for α-uniform families (see Theorem 5.4).
However, it is still open the general problem of characterizing (by combinatorial means) the class of
inﬁnite subsets M of N for which F  M contains a topological copy of F when F is α-uniform on
N for some α < ω1.
Finally, we mention that uniform families have been extensively used in the theory of Banach
spaces (see, e.g., [1,5]).
The paper is organized as follows. In Section 2 we introduce the terminology and some preliminary
facts. In Section 3 we study the Cantor–Bendixson derivatives of uniform families. In Section 4 we
introduce the type of sets M such that the restriction F  M has the same Cantor–Bendixson index
as F . Finally, in Section 5 we present the main results about when F  M contains a topological copy
of F .
2. Preliminaries
We denote by N[<∞] the collection of all ﬁnite subsets of N. If M is a set, M[k] denotes the
collection of all k-elements subsets of M . By M[∞] we denote the collection of all inﬁnite subsets
of M .
The lexicographic order <lex over N[<∞] is deﬁned as follows: Given s, t ∈ N[<∞] we put s <lex t
iff min(s	t) ∈ s.
We write s 
 t when there is n ∈ N such that s = t ∩ {0,1, . . . ,n} and we say that s is an initial
segment of t . A collection F of ﬁnite subsets of N is a front on M if satisﬁes the following conditions:
(i) Every two elements of F are 
-incomparable. (ii) Every inﬁnite subset N of M has an initial
segment in F .
Given F ⊆N[<∞] and u ∈N[<∞] , let
Fu =
{
s ∈N[<∞]: u ∪ s ∈F, max(u) <min(s)}.
For convenience, we set max(∅) = −1; in particular, F∅ =F .
For M an inﬁnite subset of N, let
F  M = {s ∈F : s ⊂ M}.
We put M/k = {n ∈ M: k < n}. If u is a ﬁnite set and n =max(u), we put M/u = M/n.
The notion of an α-uniform family on an inﬁnite set M was introduced by P. Pudlák and
V. Rödl [6]. It is deﬁned by recursion.
(i) {∅} is the unique 0-uniform family on M .
(ii) F ⊆N[<∞] is said to be (α + 1)-uniform on M , if F{n} is α-uniform on M/n for all n ∈ M .
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(αk)k∈M converging to α such that F{k} is αk-uniform on M/k for all k ∈ M .
For k ∈ N, M[k] is the unique k-uniform family on M . The following collection is an ω-uniform
family on N, called Schreier barrier:
S = {t ∈N[<∞]: |t| =min(t) + 1}.
Some collections of ﬁnite sets similar to the Schreier barrier were studied in [3].
We say that F is uniform on M when it is α-uniform on M for some α. Notice that if F is
uniform on M , then Fu is uniform on M/u.
The following result is well known [1].
Theorem 2.1. LetF be an α-uniform family over M. Then F is a front over M and F  N is α-uniform over N
for all inﬁnite N ⊆ M.
Given a front F on a ﬁnal segment S of N. For n ∈ S , we denote by tFn the unique element of F
verifying
tFn 
 {n,n+ 1,n+ 2, . . .}.
In the sequel, the sets tFun will be very useful. In particular, we remark that given a ﬁnite set u ⊂ S
and n ∈ S/u, there is a unique m such that
u ∪ tFun = u ∪ {n,n+ 1, . . . ,n+m} ∈F .
Notice that if s ∈F and n =min(s), then
tFn lex s <lex tFn+1.
Given two families F and G of ﬁnite sets, deﬁne F ⊕ G as follows
F ⊕ G = {s ∪ t: s ∈ G, t ∈F and max(s) < min(t)}.
If F is α-uniform and G is β-uniform, then F ⊕G is (α+β)-uniform. Notice that if F is a front over
a ﬁnal segment S of N, then tFn =min(F{n} ⊕ {{n}},<lex) for all n ∈ S .
The following result is well known (see for instance [1]).
Theorem 2.2. Let F be an α-uniform family over a set M. Then F is lexicographically well ordered and its
order type is ωα .
In what follows, we consider an uniform family F on N (or a ﬁnal segment of N) as topological
space by giving F the order topology respect to the lexicographic order <lex.
Now we recall some known facts about the Cantor–Bendixson derivative (CB derivative in short).
Given a topological space X and A ⊆ X , we let A′ be the set of all limit points x ∈ A. Recursively,
A(0) = A, A(α+1) is (A(α))′ and for α a limit ordinal, A(α) is ⋂β<α A(β) . The least α such that A(α) =
A(α+1) is called the CB index of A. It is well known that ωα with the order topology has CB index
equal to α.
An ordinal is said to be indecomposable if there are not β,γ < α such that α = β + γ . It is known
that α is indecomposable iff α = ωβ for some β .
To get copies of uniform families we will use the following theorem which follows from the results
in [2].
Theorem 2.3. Let α < ω1 be an indecomposable ordinal and X ⊆ ωα . If X (γ ) = ∅ for all γ < α, then X has a
subspace homeomorphic to ωα .
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In this section we study the behavior of the CB derivative on F  M , for M ∈ N[∞] , as a subspace
of F . In particular, we will characterize the limit points in F  M .
Lemma 3.1. Let F be an α-uniform family on a ﬁnal segment of N with α ω and t ∈F .
(i) If α = ω, then |t|min(t) + 1.
(ii) If α > ω, then |t| > min(t) + 2.
In particular, |t| 2 for all t in an α-uniform family with α > 1 and min(t) 1.
Proof. Let F be an ω-uniform family and t ∈F . Let n =min(t), then t/n ∈F{n} and F{n} is k-uniform
with k n, therefore the size of t is at least n+1. The rest of the claim follows by induction on α. 
Lemma 3.2. Let F be an uniform family on a ﬁnal segment of N.
(i) Suppose (si)i is a sequence in F such that si → s with s ∈F , then there exists k ∈N such that min(s) −
1min(si)min(s) for all i  k. In particular, si lex s for all i  k.
(ii) Suppose (si)i is a sequence in F of the form si = u ∪ {p − 1} ∪ vi where u ∈ N[<∞] , p  1, max(u) <
p − 1 < min(vi) and min(vi) → ∞. Then there is m ∈N such that
si → u ∪ {p, p + 1, . . . , p +m} = u ∪ tFup .
(iii) Suppose (si)i is a sequence in F such that si → s ∈F and min(si) = min(s) − 1 = p − 1 for all i. Then
s = tFp and si = {p − 1} ∪ vi for some vi such that p − 1 < min(vi) and min(vi) → ∞. Conversely, if
si →i tFp and si = tFp for all i, then eventually min(si) = p − 1.
(iv) Suppose si → s and min(si) =min(s) = n for all i. Then si/n → s/n.
(v) Suppose s, si ∈F with s = si for all i and si → s. Then there are u, vi ∈N[<∞] and p ∈N such that
s = u ∪ tFup
and eventually
si = u ∪ {p − 1} ∪ vi
where max(u) < p − 1< min(vi) and min(vi) → ∞.
Proof. (i) follows from the fact that F is a front and the topology of F is the order topology given
by <lex which is a well-order on F . In particular, convergence in F is from below.
To see (ii), let s = u ∪ tFup and w ∈F such that w <lex s. It is clear that si <lex s for all i. We will
show that eventually w <lex si . The only interesting case is when w = u ∪ v with max(u) < min(v). If
min(v) < p − 1, then clearly w <lex si for all i. Suppose then that min(v) = p − 1. As si ∈F and F is
a 
-antichain, then u ∪ {p − 1} /∈F and thus |v| 2. Therefore, w <lex si for all large enough i.
For (iii), notice that si <lex tFp lex s for all i. Thus s = tFp . Suppose m is such that min(vi) < m.
Since F is a front, pick wm ∈ F such that {p − 1,m} 
 wm . Then si <lex wm <lex s. Hence there are
only ﬁnitely many such vi and thus min(vi) → ∞.
To see (v). By (i) we assume that si lex s for all i. If min(si) = min(s) − 1 eventually, then apply
(iii) to get the conclusion with u = ∅. If min(si) = min(s) = n, then by (iv), si/n → s/n; by repeating
this ﬁnitely many times we get that s = u ∪ w , si = u ∪ wi with max(u) < w , max(u) < min(wi),
min(wi) =min(w)− 1 and wi → w . Since w,wi ∈Fu and Fu is uniform on N/u, then we apply (iii)
to ﬁnish the proof. 
Remark 3.3. Let F be an uniform family on N. If F  M is a closed subset of F , then M is a ﬁnal
segment of N. In fact, let n ∈ M , we show that n+ 1 ∈ M . Since F  M is a front on M , let vi ∈F  M
such that {n, i} 
 vi for i ∈ M/n. Then vi → tFn+1, in particular n+ 1 ∈ M .
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Proposition 3.4. Let F be an α-uniform family on a ﬁnal segment S of N with 1 < α < ω1 , M ∈ S[∞] and
t ∈F  M with min(t) > 1. Then, t ∈ (F  M)′ if, and only if, there is u ∈ S[<∞] and p ∈N such that
t = u ∪ {p, p + 1, . . . , p +m}
where max(u) < p − 1, p − 1 ∈ M and m 1. Notice that t = u ∪ tFup .
Proof. (⇒) Let t ∈ (F  M)′ , by Lemma 3.2 we know that there is u ∈N[<∞] and p,m ∈N such that
t = u ∪ {p, p + 1, . . . , p +m} = u ∪ tFup
and max(u) < p − 1. Moreover, any sequence in F  M converging to t is eventually of the form
si = u ∪ {p − 1} ∪ vi where max(u) < p − 1 < min(vi) and min(vi) → ∞. In particular, p − 1 ∈ M .
It remains only to show that m  1. Since {p − 1} ∪ vi ∈ Fu , then Fu is not 1-uniform, thus by
Lemma 3.1, tFup has size at least 2, hence m 1.
(⇐) Reciprocally, suppose t = u ∪ tFup ⊆ M for some p ∈ M with max(u) < p − 1 ∈ M . Notice that
Fu  M is a β-uniform family on M/u for some β < α. Since tFup has size at least 2, then β  2. As
Fu  M is a front on M/u, there is wi ∈Fu  M such that {p − 1, i} 
 wi for each i ∈ M/(p − 1). Then
by Lemma 3.2 we know that u ∪ wi → u ∪ tFup . 
Proposition 3.4 gives a tool to determine the topological type of a subspace F  M . Also, it allows
to construct subspaces F  M without copies of F . The following example shows that F  M can be
a discrete subspace of F .
Examples 3.5. For the following examples we shall consider the Schreier barrier S (deﬁned in Sec-
tion 2).
(i) Let M ∈ N[∞] be the collection of even numbers. Since in M there are not consecutive numbers,
then S  M is a discrete subspace of S .
(ii) Let M = {3k: k ∈ N} and N = N\M . In this case, N has consecutive numbers but S  N is also
discrete, because 3q /∈ N for all q.
As we can see, given an uniform family F on N, its restrictions F  M can change considerably its
topological type. Nevertheless, for some sets M the restriction conserves the topological type of F .
The simplest example is when M is a ﬁnal segment of N, then F  M corresponds also to ﬁnal seg-
ment of F , therefore F  M is closed in F and the subspace topology of F  M is homeomorphic F .
But, as we shall show in following sections, there are also non-trivial sets M such that F  M contains
a topological copy of F . To do this, we need to analyze the CB derivatives of an uniform family.
Using the deﬁnition of F{n} , ⊕, and <lex, it is easy to verify the following result which we shall
use continuously to make proofs by induction.
Lemma 3.6. Let F ⊆N[<∞] and M ∈N[∞] . The following hold:
(i) F{n}  M = (F  M){n} , for n ∈ M,
(ii) F{n} =⋃m>n(F{n}){m} ⊕ {{m}}, for n ∈N,
(iii) F  M =⋃n∈M(F  M){n} ⊕ {{n}}.
Lemma 3.7. Let F be an α-uniform family on a ﬁnal segment S of N, M an inﬁnite subset of S, u a ﬁnite set
and 0 < β < α, then
[
(F  M)u ⊕ {u}
](β) = [(F  M)u](β) ⊕ {u}.
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[
(F  M){n} ⊕
{{n}}](β) = [(F  M){n}](β) ⊕ {{n}}.
Proof. By induction on β . The result its true for β = 1 by Lemma 3.2. Let us consider β < α and let
us suppose that the lemma is true for all γ < β .
(i) Suppose β = γ +1 and let t ∈ [(F  M)u⊕{u}](γ+1) . Then there exists (ti)i in [(F  M)u⊕{u}](γ )
such that ti → t . By the inductive hypothesis, (ti)i ∈ [(F  M)u](γ ) ⊕ {u}. Thus, by Lemma 3.2, we get
that t/u ∈ [(F  M)u](γ+1) . Hence t = u ∪ t/u ∈ [(F  M)u](γ+1) ⊕ {u}.
Reciprocally, let t ∈ [(F  M)u](γ+1) ⊕ {u}. Then t/u ∈ [(F  M)u](γ+1) . Thus there is (ti)i ∈
[(F  M)u](γ ) such that ti → t/u. Hence t ∈ [(F  M){n} ⊕ {u}](γ+1) , because
u ∪ ti ∈
[
(F  M)u
](γ ) ⊕ {u} = [(F  M)u ⊕ {u}](γ ).
(ii) If β is an ordinal limit, then
[


















= [(F  M)u](β) ⊕ {u}. 
Proposition 3.8. Let F be an α-uniform family on a ﬁnal segment of N with 2 < α < ω1 , M ∈ N[∞] and
0 < β < α. If t ∈ (F  M)(β) then one of the following holds:
(i) t/k ∈ ((F  M){k})(β) , where k =min(t), or
(ii) t = tFp , for some p ∈N with p − 1 ∈ M.
Therefore




(F  M){k} ⊕
{{k}}](β) ∪ {tFp : tFp ⊆ M and p − 1 ∈ M}.
Proof. Note that the last equation is consequence of (i), (ii) and Lemma 3.7. On the other hand, let
t ∈ (F  M)(β) and k = min(t). Then tFk lex t <lex tFk+1. There are two cases to consider: (a) Suppose
t = tFk . Since t is a limit point, then by Lemma 3.4, k− 1 ∈ M and (ii) holds.
(b) Suppose tFk <lex t . Let
Uk =
{
s ∈F | M: tFk <lex s <lex tFk+1
}
.
Then t ∈ Uk and Uk is an open subset of F  M . Thus t ∈ (Uk)(β) ⊆ ((F  M){k} ⊕ {{k}})(β) =
((F  M){k})(β) ⊕ {{k}}. Thus (i) holds. 
3.1. Finite CB derivative
In what follows we present some results about the ﬁnite derivatives (F  M)(l) , with l < ω.
Lemma 3.9. Let F be an α-uniform family on M with α  ω. There is a sequence (w j) j of ﬁnite sets with
(min(w j)) j increasing and an increasing sequence of integers (k j) j such that Fw j is k j-uniform on M/w j.
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If α > ω, then F{ j} is β j-uniform on M/ j with ω  β j < α for (eventually) all j ∈ M . Using the
inductive hypothesis, deﬁne recursively k j and v j for j ∈ M such that F{ j}∪v j is k j-uniform on M/v j ,
j < min(v j) and (k j) j increasing. Take w j = { j} ∪ v j with j ∈ M . 
Proposition 3.10. LetF be an α-uniform family on a ﬁnal segment S ofNwith α  3 and M ∈ S[∞] . Suppose
there is l ∈ N with 1  l and N ∈ N[∞] such that {i, i + 1, i + 2, . . . , i + l} ⊆ M for all i ∈ N. Let u ∈ N[<∞]
and p > max(u) + 1 be such that Fu∪{p−1} is β-uniform with l β . If t ∈F is of the form
t = u ∪ {p, p + 1, . . . , p +m}
with lm, then t ∈ (F  M)(l) .
Proof. When l = 1, the result follows from Proposition 3.4, thus we assume l  2. Let t , M and N be
as in the hypothesis. We will deﬁne a sequence (si)i in (F  M)(l−1) converging to t .
We treat ﬁrst the case β < ω. When l = β , take si = u ∪ {p − 1} ∪ {i + 1, . . . , i + l} for i ∈ N/p. If
l < β , then for inﬁnite many i ∈ N there is a nonempty ﬁnite set wi such that
si = u ∪ {p − 1} ∪ wi ∪ {i + 1, . . . , i + l} ∈F  M,
p − 1 < min(wi), max(wi) < i and min(wi) → ∞. This ﬁnishes the deﬁnition of the sequence (si)i .
By a straightforward inductive argument, we conclude that si ∈ (F  M)(l−1) . By Lemma 3.2, si → t
and thus t ∈ (F  M)(l) .
Now suppose β  ω. By Lemma 3.9, there are sequences (wi)i and (ki)i such that p <
min(wi) → ∞, ki > m and Fu∪{p−1}∪wi is ki-uniform. Then we construct the sequence (si)i as be-
fore. 
For k-uniform families with k ∈ ω we have the following proposition.
Proposition 3.11. Let F be a k-uniform family on a ﬁnal segment of N with 3 k. Let l ∈ N with 2 l < k,
M ∈N[∞] and t ⊆ M. If t ∈ (F  M)(l) , then there exists N ∈N[∞] such that {i, i+ 1, i+ 2, . . . , i+ l} ⊆ M for
all i ∈ N and
t = u ∪ {p, p + 1, . . . , p +m}
for some u ∈N[<∞] with max(u) < p − 1 ∈ M and lm k− 1.
Proof. Let t ∈ (F  M)(l) , then by Proposition 3.4
t = u ∪ {p, p + 1, . . . , p +m}
for some u ∈N[<∞] with max(u) < p− 1 ∈ M . Let (si)i in (F  M)(l−1) converging to t . By Lemma 3.2
we assume that each si is of the form
si = u ∪ {p − 1} ∪ vi
with p − 1 < min(vi).
The proof is by induction on l. By the inductive hypothesis when l  3 and by Proposition 3.4
when l = 2, we conclude that there is an increasing sequence (pi)i such that pi − 1 ∈ M , {pi, pi +
1, . . . , pi +mi} ⊆ vi and l − 1mi . In particular, this says that {pi − 1, pi, pi + 1, . . . , pi + l − 1} ⊂ M
for all i.
Now we show that lm < |t| − 1. In fact, m = |t| − |u| − 1= |vi |mi + 1 l. 
From the previous results we immediately get the following:
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exist p ∈ N and N ∈ N[∞] such that {p − 1, p, p + 1, p + 2, . . . , p + k − 1} ⊆ M and {i, i + 1, i + 2, . . . ,
i + k − 1} ⊆ M for all i ∈ N.
The previous theorem gives a characterization of those M ∈ N[∞] such that the CB index of
F = N[k] and F  M are the same. However, this does not guarantee that F  M contains a topo-
logical copy of F . To get this, we need that {p − 1, p, p + 1, p + 2, . . . , p + k − 1} ⊆ M for inﬁnite
many p.
The following example shows what we have said in the introduction about Nash–Williams theo-
rem.
Example 3.13. Let F be an α-uniform family on N with α  2. Let B =F (1) and M be an inﬁnite set.
We will show that (F  M) \ B = ∅. In particular, this says that if M is homogeneous (in the sense
of Nash–Williams) for the partition B ∪ (F \ B) of F , then (F  M) ∩F (1) = ∅ and thus F  M is a
discrete subset of F .
Suppose ﬁrst that α ω. By Lemma 3.9, applied to F  M , there is u ⊂ M ﬁnite such that Fu  M
is k-uniform for some 2  k < ω. Let w ⊂ M and p,q ∈ M such that max(w) < p < q − 1 and |w ∪
{p,q}| = k. Then t = u ∪ w ∪ {p,q} ∈ F  M and t /∈ B (by Proposition 3.4). If α < ω, we can argue
analogously to ﬁnd t .
4. F -adequate sets
Let F be an α-uniform family on a ﬁnal segment S of N with α  2. In this section we introduce
the notion of an F -adequate set M and later we will show that for those sets F  M has the same
CB index as F .
Let M ∈ S[∞] , we deﬁne by recursion a subset M(F) of M and the notion of an F -adequate set.
(i) If α = 2, then M(F) is the set of all n ∈ M such that tFn+1 ⊂ M . And M is said to be F -adequate,
if M(F) is not empty.
(ii) If α = β + 1, then
M(F) = {n ∈ M: tFn+1 ⊂ M, M/n is F{n}-adequate and (M/n)(F{n}) is inﬁnite}.
And M is said to be F -adequate, if M(F) is not empty.
(iii) If α is limit, then M(F) = M . Let (αn)n be the increasing sequence of ordinals as in the deﬁnition
of an α-uniform family. We say that M is F -adequate, if for all n there is a nonempty ﬁnite set
v ⊂ M such that Fv is γ -uniform for some γ  αn and M/v is Fv -adequate.
Example 4.1. If F = N[2] , then an inﬁnite set is F -adequate when it contains three consecutive inte-
gers. In general, for F = N[k] , a set is F -adequate if it contains {n,n + 1, . . . ,n + k} for some n and
inﬁnite many intervals of length k.
Let us say that an inﬁnite set M is ω-adequate, if it contains arbitrarily long intervals of consecu-
tive integers. Suppose F is ω-uniform on N. Then M is F -adequate iff M is ω-adequate.
Now suppose that F is (ω + 1)-uniform on N. Let P be an ω-adequate set. For a ﬁxed k ∈ N, let
M = P ∪ {k} ∪ tFk+1. Then M is F -adequate. In fact, notice that k ∈ M(F) because M/k is ω-adequate
and F{k} is ω-uniform.
The next lemma says that, in the deﬁnition of an F -adequate set for α limit, we could have
required that the ordinals γ are successor.
Lemma 4.2. Let F be an α-uniform family on a ﬁnal segment of N with α a limit ordinal. If M is an F -
adequate set, then there is a sequence of ordinals βn < α and ﬁnite sets un ⊂ M such that M/un is Fun -
adequate, Fun is (βn + 1)-uniform on M/un, α = sup{βn: n ∈N}.
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be a limit ordinal. Let (αn)n converging to α as in the deﬁnition of an α-uniform family. Fix se-
quences (γn)n and (vn)n as in the deﬁnition of F -adequate set. Since (αn)n is increasing, we assume
that γn > αn . If there are inﬁnitely many n such that γn is a successor ordinal, then we are done. Oth-
erwise, assume that γn is a limit ordinal for all n. Apply the inductive hypothesis to Fvn and M/vn
to get sequences of ordinals βnk converging to γn and ﬁnite sets v
n
k ⊂ M such that vn  vnk , M/vnk isFvnk -adequate and Fvnk is (βnk + 1)-uniform. Now pick for each n an integer kn such that βnkn > αn .
Take un = vnkn and βn = βnkn . 
We are going to present a method to construct F -adequate sets.
We need to introduce a notation. If B is a collection of ﬁnite sets, then B
 denotes the collection
of all ﬁnite sets t such that t 
 s for some s ∈ B.
It is easy to show by induction on α that if F is α-uniform with α ω, then there exists s ∈N[<∞]
such that Fs is ω-uniform on N/s. Thus the following deﬁnition is non-trivial.




: Fs is ω-uniform on N/s
}
.
The set AF has the following properties:
(1) AF is inﬁnite, if α = ω,
(2) AF is a front on M (if F is uniform on M ∈N[∞]),
(3) AF
 is a well founded tree.
From AF we deﬁne an F -adequate tree and then an F -adequate set of natural numbers.
Deﬁnition 4.4. Let F be an α-uniform family with α  ω. We will say that a nonempty subset T of
AF
 is a F -tree, if the following conditions hold:
(i) if t ∈ T and s 
 t , then s ∈ T ,
(ii) Ter(T ) ⊆AF ,
(iii) {n ∈N: n > t and t ∪ {n} ∈ T } is inﬁnite, for all t ∈ T\Ter(T ),
where Ter(T ) denotes the set of terminal nodes of T .
We remark that for an α-uniform family F on a set M with α > ω, AF is a front on M , and thus
AF
 is well founded [1]. Thus, each F -tree is also well founded.








∅ = {x0, x1, x2, . . . , xk−1, xk} ∈ T ⇔ {xk} ∪ tF{x0,x1,x2,...,xk−1}xk+1 ⊆ E(T ).
The following result is easy to verify.
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(1) (AF ){n} =AF{n} .
(2) If T is an F -tree, then T{n} is an F{n}-tree for all n such that {n} ∈ T .
(3) E(T{n}) ⊆ E(T ) for all n such that {n} ∈ T .
Proposition 4.7. Let F be an α-uniform family over a ﬁnal segment of N with α > ω. If T is an F -tree, then
E(T ) is F -adequate.
Proof. By induction on α. Let us ﬁx an F -tree T and let M = E(T ). We will show that M is F -
adequate and moreover that it is inﬁnite.
(i) Suppose α = ω + 1. It is easy to verify that n ∈ M for all n such that {n} ∈ T . Recall that
by Lemma 3.1, the size of tFn+1 is increasing with n. Thus, M contains arbitrarily long intervals of
consecutive integers and by Example 4.1, M is F{n} adequate for all n.
(ii) If α = β + 1, we will show that M(F) contains all n such that {n} ∈ T . Fix such an n. Then
tFn+1 ⊂ M . Let Mn be E(T{n}). Since T{n} is an F{n}-tree, by the inductive hypothesis, Mn is F{n}-
adequate and Mn(F{n}) is inﬁnite. As Mn(F{n}) ⊂ Mn ⊂ M/n, then M/n is F{n}-adequate. Thus n ∈
M(F).
(iii) Finally, suppose α is a limit ordinal. Then T{n} is an F{n}-tree for each n such that {n} ∈ T .
Since F{n} is αn-uniform, then E(T{n}) is F{n}-adequate. Since E(T{n}) ⊆ E(T ), then E(T ) is also F{n}-
adequate. As this holds for inﬁnite many n’s, then E(T ) is F -adequate. 
Example 4.8. Let F be an (ω + 1)-uniform family on N. It is easy to construct an inﬁnite set P
containing arbitrarily long intervals of consecutive natural numbers and such that tFn ⊂ P for all n. As
in Example 4.1, ﬁx k ∈N and let M = P ∪ {k} ∪ tFk+1. Then M is F -adequate and it is not of the form
E(T ) for any F -tree T .
5. Topological copies ofF insideF  M
The following theorem is one of the main results of this paper. It justiﬁes the introduction of
F -adequate sets.
Theorem 5.1. Let F be an α-uniform family on a ﬁnal segment S of N with α  2 and M an F -adequate set.
Then the CB index of F  M is α.
Proof. Since F is homeomorphic to ωα , then the CB index of F  M is at most α.
We ﬁrst show by induction on β  1 that if F is (β +1)-uniform, M is F -adequate and n ∈ M(F),
then
tFn+1 ∈ (F  M)(β).
(i) If β = 1, then tFn+1 = {n+ 1,n+ 2} ⊂ M . From Proposition 3.4, tFn+1 ∈ (F  M)(1) .
(ii) Suppose β = γ +1. Since M/n is F{n}-adequate and (M/n)(F{n}) is inﬁnite, there is an increas-
ing sequence ki ∈ (M/n)(F{n}). Then by the inductive hypothesis, tF{n}ki+1 ∈ (F{n}  M)(γ ) . By Lemma 3.7
we have
si = {n} ∪ tF{n}ki+1 ∈ (F  M)(γ ).
By Lemma 3.2, si → tFn+1. Thus tFn+1 ∈ (F  M)(γ+1) and we are done.
(iii) Suppose β is a limit ordinal. Let βm ↑ β as in the deﬁnition of a β-uniform family. Since
M/n is F{n}-adequate, then there is a sequence of ﬁnite sets um ⊂ M/n and ordinals γm  βm such
that Gm =F{n}∪um is γm-uniform on M/um and M/um is Gm-adequate. By Lemma 4.2, we assume that
each γn is a successor ordinal. Let km ∈ M(Gm). Then by the inductive hypothesis tGmk +1 ∈ (Gm  M)(βm) .m
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sm = {n} ∪ um ∪ tGmkm+1 ∈ (F  M)(βm).
By Lemma 3.2, sm → tFn+1. Thus tFn+1 ∈ (F  M)(β) and we are done.
The proof of the theorem is by induction on α. It remains only to consider the case when α is
a limit ordinal. Let (αk)k be an increasing sequence of ordinals converging to α as in the deﬁnition
of an α-uniform family. Since M is F -adequate, then for all k there is a ﬁnite set vk ⊂ M such that
M/vk is Fvk -adequate and Fvk is γk-uniform with γk  αk . By the inductive hypothesis, the CB index
of Fvk  M/vk is γk and therefore (by Lemma 3.7) the CB index of F  M is larger than γk for all k.
Thus this last index is α. 
For α = ω we have a more complete result than Theorem 5.1 as follows.
Theorem 5.2. LetF be anω-uniform family on a ﬁnal segment ofN and M ∈N[∞] . Then,F  M has CB index
ω if, and only if, M is F -adequate.
Proof. The if part follows from Theorem 5.1. For the other direction we will use the characterization
of F -adequate sets given in Example 4.1.
Let F be an ω-uniform family on S and (mk)k be a strictly increasing sequence in N such
that F{k} is mk-uniform on S/k for all k ∈ N. Suppose F  M has CB index ω. Then, given n ∈ N
there exists t ∈ (F  M)(n) and a sequence (ti)i in (F  M)(n−1) such that ti ↑ t . Let ki = min(ti),
by Proposition 3.8, for all i ∈ N, ti/ki ∈ ((M/ki)[mki ])(n−1) or ti = tFki with ki − 1 ∈ M . Since (ti)i
is convergent, then eventually ti = tFki . Therefore, by Proposition 3.11, we can suppose that each
ti/ki has the form ti/ki = ui ∪ {pi, pi + 1, . . . , pi + n − 1} with pi − 1 ∈ M for each i ∈ N. Hence,
{pi − 1, pi, pi + 1, . . . , pi + n− 1} ⊆ M for all i ∈N, which implies M is F -adequate. 
Corollary 5.3. Let F be an ω-uniform family and M ∈N[∞] . Then, F  M has a topological copy of F if, and
only if, M is F -adequate.
Proof. Let F be an ω-uniform family and M ∈ N[∞] . If F  M contains a topological copy of F ,
then F  M has CB index ω and therefore by Theorem 5.2 M is F -adequate. Reciprocally, if M is
an F -adequate set, then by Theorem 5.2 F  M has CB index ω, and by Theorem 2.3 F  M has a
topological copy of F . 
Finally, we present a result about the restriction to a set of the form E(T ) for T an F -tree.
Theorem 5.4. Let F be an α-uniform family with α > ω indecomposable. If T is an F -tree, then F  E(T )
contains a topological copy of F .
Proof. Let F , α and T be as in the hypothesis. Then by Proposition 4.7, we know that E(T ) is F -
adequate. Hence by Theorem 5.1, F  E(T ) has CB index α, and by Theorem 2.3, F  E(T ) has a
topological copy of F . 
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